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Abstract: We presenta novel yet simple 3D stereovision tracking algorithm which computesthe position and
orientationof an object from the locationof markersattachedto the object. The novelty of this algorithm
is that it doesnot assumethat the markers are tracked synchronously. This provides a higher robustness
to the noisein the data,missingpointsandoutliers. The principle of the algorithmis to performa simple
gradientdescentontherigid bodytransformationdescribingtheobjectpositionandorientation.Thisis proved
to convergeto thecorrectsolutionandis illustratedin asimpleexperimentalsetupinvolving two USBcameras.

1 INTRODUCTION

Estimating the 3-D rigid body transformation
aligning two noisy setsof identi�able points is con-
sidereda solvedproblemin computervision. Indeed,
various closedform solutionshave beensuggested
in the last two decades(Arun et al., 1987; Horn,
1987;Walker et al., 1991),andthosesolutionshave
beenwidely usedandcompared(Eggertetal., 1997).
However, in spiteof thoseexisting solutions,we ad-
dressonceagain thisproblemandsuggestaniterative
solution to the rigid body estimationproblem. Our
belief is that in many applications,an iterative solu-
tion is preferableto aclosed-formsolution,especially
if the rigid body transformationchangesin time, for
examplewhentrackinga moving object. The major
reasonsfor this is thatan iterative solutionwould be
morerobust to noisein the dataandthat andwould
notassumesynchronicityof thesetof points.

2 SETTING AND NOTATIONS

We considera rigid body transformationT trans-
forming a setof n vectorsf xig into anothersetof n
vectorsf yig. This transformationis describedby a
rotationR aroundanaxispassingthroughtheorigin

anda translationV by avectorv:

yi = T(xi) = R(xi) + v: (1)

Whenconsideringa 3-D trackingapplication,the
rigid body transformationT canbe usedto describe
thepositionandorientationof thetrackedobject,rel-
atively to a referenceposition and orientation. The
referencepositionsof the n markers on the objects
make the setof f xig. The positionsof thosemark-
erswhentrackedby a stereovision systemconstitute
thesetof f yig. It is assumedthat themarkerscanbe
distinguishedonefrom another, for exampleby using
differentcolors.If theobjectis moving, theevolution
of T yieldsthetrajectoryof theobject.

3 ROTATIONS

In this paper, we usethe spinorrepresentationof
rotationswhich is brie�y recalledhere,adoptingthe
approachdescribedin (Hestenes,1999). This repre-
sentationis very similar to thequaternionrepresenta-
tion. Thespinorq̄ representingtherotationR is given
by a scalara andimaginaryvectorbi. Thedirection
of b yieldstherotationaxis(passingthroughtheori-
gin) andits normis equalto sin(q=2), whereq is the
rotationangle.Thescalara is givenby cos(q=2).The



rotation of a vector x by a spinor q̄ is given by the
following equation.

Rb(x) = (1� 2bTb)x+ 2
q

(1� bTb)b� x+ 2(bTx)b;
(2)

whereRb denotestherotationrepresentedby b.

4 ITERATIVE ESTIMATION OF A
RIGID BODY
TRANSFORMATION

Wenow presentto thealgorithmfor iteratively es-
timatinga rigid body transformationgivena setof n
pointsf xig andits noisy transformf yig. Theprinci-
ple of thealgorithmis quite trivial. Startingfrom an
initial guessfor the parametersb andv of the trans-
formation,it consistssimplyonagradientdescenton
thesquareddistancebetweenthemeasurementyi and
thetransformedpointTb;v(xi)
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wheree is thelearningrate.Oneassumesthat i takes
valuesfrom 1 to n in a uniformly distributedmanner.
Soat eachtime step,anindex i is selectedamongthe
availablepointsandb andv areupdateaccordingto
(3) and(4).
Theactualdevelopmentof thosetwoequationsyields:
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whereI is the3� 3 identitymatrixandtheunaryop-
erator" is de�ned as
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with x = [x(1) x(2) x(3) ]T .

This concludesthe descriptionof the algorithm.
For ef�ciency purposes,it is preferableto chooseref-
erencepositionssothatthexi arecenteredon theori-
gin. This allows to reducethe in�uence of b on the
computationof v.

5 CONVERGENCE

In thissection,weprove thatif thereexistsa rigid
body transformationmatchingthe two setsof points
f xig to f yig, then the iterative algorithm described
above will convergeto it.

Let T � bethetruetransformationmappinga �nite
setof pointsf xig= V into theircorrespondingimage.
If V containsat least threeunalignedpoints, there
is only onesuchtransformation.Let T 6= T � be the
currentestimateof this transformation.
We thende�ne thefollowing functionE(T)

E(T) =
n

å
i= 1

Ei(T); with Ei(T) =
1
2

kTx i � T � xik2 (8)

Here and in the rest of this paper, the parentheses
aroundxi are omitted to lighten the notation. We
also de�ne the vector p = [bTvT ]T to be the vector
parameterizingthetransformation.

We�rst show thatthealgorithmalwaysconverges
to a solution.If e tendsto zeroandt is thetime, then
e� 1Db ande� 1Dv tendrespectively to ¶
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The function E(T), beingpositive, the algorithm
always converges to a solution. It remainsto be
shown thatthis solutionis correct.

In order to show that the algorithmconvergesto
theright solutionT � , we show thatfor any T, T � , V ,
satisfyingtheconditionsmentionedabove, thereis a
transformationT† belongingto a neighborhoodof T
suchthat

E(T†) < E(T) (9)

Thisamountsto sayingthatthereis nolocalminimum
for E(T). We assume,without lossof generality, that
thexi arecentered.Let usconsiderthetransformation
T† de�ned by translationvectorv† androtationR†

v† = v+ e(v� � v) (10)

R† = eR+ � R with e> 0: (11)

In theabove expressioneR+ is an in�nitesimal rota-
tion of unit rotationaxisgivenby

b+ = zå
i

Rxi � R� xi (12)



wherez= kå i Rxi � R� xik� 1. This meansthatR† is
in the neighborhoodof R. If e is small enough,we
have,see(Altmann,1986),

R†x = Rx+ e(b+ � Rx): (13)

Thusthevariationin E whenmoving from T to T† is
givenby

DE = E(T†) � E(T) (14)
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If e is smallenough,wecandiscardtermsin O(e2).
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We now show that the sum in (16) is also positive.
Usingthematrix representationof rotation,
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In the lastequationC is thecovariancematrix of the
xi . The last inequalityis justi�ed by the fact that the
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Figure1: Convergenceof the algorithm. The threevector
componentsareindicatedby x, y andz. Thedottedhorizon-
tal lines arethe true parametervaluesof rigid body trans-
formationandthesolid linesshow theevolutionof theesti-
matedvaluesusingthelearningalgorithm.

rotationmatrix RTR� breaksthe alignmentbetween
the principal componentof C and the direction of
maximumvariancein V . Putting (17) and (16) to-
gethershows that E decreaseswhenmoving from T
to T†. Thereis thusno local minima in E, so E is
a Lyapunov functionof thesystem,which provesthe
convergence.

6 EXPERIMENTS

The �rst experiment aims at illustrating the
convergencepropertiesof the algorithm described
above and is performedin simulation. A rotation
vectorb� anda translationvectorv� wererandomly
generated.The estimatedrigid body transformation
was initialized to the identity b = v = 0 and the
algorithmwasrun on randomlygeneratedpointsxi .
The resultscan be seenin Figure 1. One seesthat
both b andv converge to b� andv� respectively, as
is expectedfrom the convergencepropertiesstudied
above.

The next experimentinvolves a tracking task in
a real stereovision settingmadeof two low quality
USB camerasmountedon a �x ed support. Three
color patchesweretapedon theobjectto betracked.
A software,basedon the OpenCVlibrary can track
color blobs and locate them in three dimensions.
The object was moved by hand, so the only in-
formation about the position of the object is given
by the stereovision system. So the real position
of theobjectis unknown, i.e.,thereis nogroundtruth.

Using the data recorded from the stereo vi-
sion system, the position and orientation of the
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Figure2: Thebehaviors of thetestedalgorithmsin caseof
noisein thedata.Theiterativealgorithm(left graphs)is less
noisy thantheclosed-formalgorithm. Theobjectis static,
andthesamedatawasusedonbothalgorithms.

end-effector were computed using two different
algorithms,the iterative one describedin this paper
(5) and (6) and the closed-formsolution described
in (Horn, 1987). This algorithm�nds the rigid body
transformationby optimizinga leastsquarecriterion
similar to E(T) de�ned in (8).
In both cases,the data was taken as it is, without
any preprocessing. The iterative algorithm was
initialized using the closed-formalgorithm on the
initial patch positions. In the absenceof ground
truth, the precisionof the tracking algorithm is not
investigated.Rather, wecomparethebehaviorsof the
iterativeandclosed-formalgorithms

The�rst experimentwasmadewith astaticobject.
Usingthesamemarkerpositiondatacomingfrom the
stereovision software,we ranbothalgorithmsto es-
timatethe positionandthe orientationof the object.
Theresultscanbeseenin Figure2. Oneseesthatthe
iterativesolutionis muchlesssensitive to noisein the
data.This is becausetheclosed-formsolutionhasno
memory, whereasthe iterative solutioncanonly up-
dateits currentestimateupto acertainamount,which
producesasmoothingeffect.

Thesecondexperimentwasmadewith a moving
object.In thisexperiment,theeffectof missingpoints
is investigated. Two differentscenariosweretested.
In the �rst scenario(periodicocclusion),a randomly
selectedpointwasremovedin eachframe.In thesec-
ondscenario(lastingocclusion)agivenpointwasre-
movedfrom thedatafor 10 consecutive frames.The
resultscanbeseenin Figure3. Oneseesthatfor both
scenarios,the closed-formalgorithm (dotted lines)
cannotdealwith the missingpointsas it requiresat
leastthreeconcomitantpoints. To the contrary, the
iterative algorithm(dashed-dottedline) candealwith
the missingpointsas it hasno suchrequirement.It
canfollow prettywell thepositiongivenby thebase-
line (solid line). This baselinewasobtainedby using
theclosed-formalgorithmandsmoothingtheresult.
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Figure 3: The behaviors of the testedalgorithmsin case
of occlusions.The iterative algorithmcandealswell with
pointsperiodicallymissingandpointsmissingfor anumber
of consecutive frames(lastingocculsions).

7 DISCUSSION

Theresultspresentedabove show thataniterative
solutionto a rigid bodytransformationcanbeadvan-
tageousin a trackingapplication. The main advan-
tagescomefrom the fact that the iterative solution
doesnotmake theassumptionthatit hasconcomitant
points. Moreover, it ensuresa continuity in the es-
timates,which is not guaranteedby the memoryless
closed-formsolution. Whenusingthe iterative solu-
tion suggestedhere,the learningrate must be care-
fully chosento be big enoughto avoid loosingtrack
of theobject,while remainingsmallenoughto ensure
asmoothestimateof thetransformation.
Althoughit wasnot investigatedin this paper, we be-
lieve that the suggestedalgorithmcould be usefulin
other applications,especiallyin iterative algorithms
like ICP. This algorithmcouldalsomostprobablybe
easily extendedto include uniform scalingof rigid
bodytransformations.
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