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We presenta novel yet simple 3D stereovision tracking algorithm which computesthe position and

orientationof an objectfrom the location of markers attachedo the object. The novelty of this algorithm
is thatit doesnot assumethat the markers are tracked synchronously This provides a higher robustness
to the noisein the data, missingpointsandoutliers. The principle of the algorithmis to performa simple
gradientdescenbntherigid bodytransformatiordescribingheobjectpositionandorientation.Thisis proved
to corvergeto thecorrectsolutionandis illustratedin asimpleexperimentaketupinvolving two USB cameras.

1 INTRODUCTION

Estimating the 3-D rigid body transformation
aligning two noisy setsof identi able pointsis con-
sidereda solved problemin computewision. Indeed,
various closedform solutionshave beensuggested
in the last two decadegArun et al., 1987; Horn,
1987; Walker et al., 1991),andthosesolutionshave
beenwidely usedandcomparedEggertetal., 1997).
However, in spite of thoseexisting solutions,we ad-
dressonceagninthis problemandsuggestniterative
solutionto the rigid body estimationproblem. Our
belief is thatin mary applicationsan iterative solu-
tion is preferableo a closed-formsolution,especially
if therigid body transformatiorchangesn time, for
examplewhentrackinga moving object. The major
reasondor this is thataniterative solutionwould be
morerobustto noisein the dataandthatandwould
notassumesynchronicityof the setof points.

2 SETTING AND NOTATIONS

We considerarigid body transformationT trans-
forming a setof n vectorsf x;g into anothersetof n
vectorsfy;g. This transformationis describedby a
rotationR aroundan axis passingthroughthe origin

andatranslationV by avectorv:
yi = T(xi) = R(xi) + v: (1)

Whenconsideringa 3-D trackingapplication the
rigid body transformationT canbe usedto describe
the positionandorientationof the tracked object,rel-
atively to a referenceposition and orientation. The
referencepositionsof the n markers on the objects
male the setof fx;g. The positionsof thosemark-
erswhentracked by a stereovision systemconstitute
thesetof fy;g. It is assumedhatthe markerscanbe
distinguishednefrom anotheyfor exampleby using
differentcolors.|If theobjectis moving, theevolution
of T yieldsthetrajectoryof the object.

3 ROTATIONS

In this paper we usethe spinorrepresentatiomf
rotationswhich is brie y recalledhere,adoptingthe
approachdescribedn (Hestenes1999). This repre-
sentationis very similar to the quaterniorrepresenta-
tion. Thespinorq representingherotationR is given
by a scalara andimaginaryvectorbi. Thedirection
of b yieldstherotationaxis (passinghroughthe ori-
gin) andits normis equalto sin(g=2), whereq is the
rotationangle.Thescalara is givenby cogq=2).The



rotation of a vectorx by a spinorq is given by the
following equation.

q_—_
Rp(X)= (1 2b'b)x+2 (1 bTh)b x+2(b"x)b;
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whereRyp, denotegherotationrepresentedy b.

4 ITERATIVE ESTIMATION OF A
RIGID BODY
TRANSFORMATION

We now presento thealgorithmfor iteratively es-
timating a rigid body transformatiorgiven a setof n
pointsf xjg andits noisy transformf y;g. The princi-
ple of the algorithmis quitetrivial. Startingfrom an
initial guessfor the parameterd andv of the trans-
formation,it consistsimply onagradientdescenbn
thesquaredlistancenetweerthemeasurement; and
thetransformedpoint Tp.y(X;)
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whereeis thelearningrate. Oneassumeshati takes
valuesfrom 1 to n in a uniformly distributedmanner
Soateachtime step,anindex i is selectecamongthe
availablepointsandb andv areupdateaccordingto
(3)and(4).

Theactualdevelopmenbf thosetwo equationyields:
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wherel isthe3 3identity matrix andthe unaryop-
erator’ is de ned as
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This concludesthe descriptionof the algorithm.
For ef ciency purposesit is preferableio chooseref-
erencepositionssothatthe x; arecenteredn theori-
gin. This allows to reducethe in uence of b on the
computatiorof v.

5 CONVERGENCE

In this sectionwe prove thatif thereexistsarigid
body transformatiommatchingthe two setsof points
fx;g to fyjg, thenthe iterative algorithm described
abore will corvergetoit.

LetT bethetruetransformatiormappinga nite
setof pointsf xijg= V intotheircorrespondingmage.
If V containsat leastthree unalignedpoints, there
is only one suchtransformation.Let T 6 T bethe
currentestimateof this transformation.

We thende ne thefollowing functionE(T)

E(T) = a Ei(T); with Ei(T) = —ka. T xk? (8)
i=1
Here and in the rest of this paper the parentheses
aroundx; are omitted to lighten the notation. We
alsode ne the vectorp = [b"v']" to be the vector
parameterizinghetransformation.

We rst show thatthealgorithmalwayscorverges
to asolution. If etendsto zeroandt is thetime, then
e 'Db ande 'Dv tendrespectiely to b and Jv
So the grad|entdescenlof the algorithm meansthat

'ﬂtp = pE (T). Wethushave
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The function E(T), being positive, the algorithm
always corvergesto a solution. It remainsto be
shown thatthis solutionis correct.

In orderto shaw that the algorithm corvergesto
theright solutionT , we shaw thatforary T, T , V,
satisfyingthe conditionsmentionedabore, thereis a
transformatioriT T belongingto a neighborhoodf T
suchthat

E(TT) < E(T) ©
Thisamountdo sayingthatthereis nolocal minimum
for E(T). We assumewithoutlossof generality that
thex; arecenteredLet usconsiderthetransformation
TT de ned by translationvectorv’ androtationR "

vl = viev V) (10)
RT = eR* R with e>0: (11)

In the above expressioreR* is anin nitesimal rota-
tion of unit rotationaxisgiven by

"=z R R X (12)



wherez= k&;Rx; R xik 1. This meanshatRT is
in the neighborhoodf R. If eis smallenough,we
have, see(Altmann, 1986),

R'x= Rx+ gb* RX): (13)
Thusthevariationin E whenmoving from T to TT is
givenby
DE= E(Th E(T)

= é kTTXi T Xik2
i
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= AKkRT+VIK® KRx+vk® 2(Rx+v)T

(14)

é kKTx; T Xik2
i

(RTxi+vT Rx; V)
= §kRx+v+e(v v+b' Rx)K?

I
kRx;+ vk? 2(R xj+v )’
(Rxj+ eb™ Rxji+v+elv Vv) Rxi V)
= 2 (v v+b* Rx)T(RX+V)
i

(R xi+v )T (b v) + (e)(15)

If eis smallenoughwe candiscardtermsin O(e?).
DE' Q2(v v+b" Rx)T(R RX+Vv V)
i
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We now shav that the sumin (16) is also positive.
Usingthe matrix representationf rotation,
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In thelastequationC is the covariancematrix of the
Xi. Thelastinequalityis justi ed by thefactthatthe

(16)
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Figurel: Corvergenceof the algorithm. The threevector

componentsireindicatedoy x, y andz. Thedottedhorizon-

tal lines arethe true parametewaluesof rigid body trans-

formationandthe solid linesshaw the evolution of the esti-

matedvaluesusingthelearningalgorithm.

rotationmatrix RTR breaksthe alignmentbetween
the principal componentof C and the direction of
maximumvariancein V. Putting (17) and (16) to-
gethershaws that E decreasesvhenmoving from T
to TT. Thereis thusno local minimain E, so E is
aLyapune function of the systemwhich provesthe
corvergence.

6 EXPERIMENTS

The rst experiment aims at illustrating the
convergence propertiesof the algorithm described
above and is performedin simulation. A rotation
vectorb andatranslationvectorv wererandomly
generated.The estimatedrigid body transformation
was initialized to the identity b = v = 0 and the
algorithmwas run on randomlygeneratecoints x;.
The resultscan be seenin Figure 1. One seesthat
bothb andv corvergeto b andv respectiely, as
is expectedfrom the corvergencepropertiesstudied
above.

The next experimentinvolves a tracking taskin
a real stereovision settingmadeof two low quality
USB camerasmountedon a x ed support. Three
color patchesveretapedon the objectto betracked.
A software, basedon the OpenCVlibrary cantrack
color blobs and locate them in three dimensions.
The object was moved by hand, so the only in-
formation aboutthe position of the objectis given
by the stereovision system. So the real position
of theobjectis unknawn, i.e., thereis nogroundtruth.

Using the data recorded from the stereo vi-
sion system, the position and orientation of the
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Figure2: Thebehaiors of the testedalgorithmsin caseof
noisein thedata.Theiterative algorithm(left graphs)s less
noisy thanthe closed-formalgorithm. The objectis static,
andthe samedatawasusedon bothalgorithms.

end-efector were computed using two different
algorithms,the iterative one describedn this paper
(5) and (6) and the closed-formsolution described
in (Horn, 1987). This algorithm nds therigid body
transformatiorby optimizing a leastsquarecriterion
similarto E(T) de nedin (8).

In both cases,the datawas taken as it is, without
ary preprocessing. The iteratve algorithm was
initialized using the closed-formalgorithm on the
initial patch positions. In the absenceof ground
truth, the precisionof the tracking algorithmis not
investicated.Ratherwe comparehebehaiors of the
iterative andclosed-formalgorithms

The rst experimentwasmadewith astaticobject.
Usingthesamemarler positiondatacomingfrom the
stereovision software,we ran both algorithmsto es-
timate the position andthe orientationof the object.
Theresultscanbe seenin Figure2. Oneseeghatthe
iterative solutionis muchlesssensitie to noisein the
data.Thisis becausehe closed-formsolutionhasno
memory whereaghe iterative solutioncanonly up-
dateits currentestimataupto acertainamountwhich
produces smoothingeffect.

The secondexperimentwas madewith a maoving
object.In thisexperimenttheeffect of missingpoints
is investicated. Two differentscenariosveretested.
In the rst scenario(periodicocclusion),a randomly
selectegointwasremovedin eachframe.In thesec-
ondscenariqlastingocclusion)a givenpointwasre-
moved from the datafor 10 consecutie frames.The
resultscanbeseenin Figure3. Oneseeghatfor both
scenarios,the closed-formalgorithm (dotted lines)
cannotdeal with the missingpointsasit requiresat
leastthree concomitantpoints. To the contrary the
iterative algorithm(dashed-dottetine) candealwith
the missingpointsasit hasno suchrequirement. It
canfollow prettywell the positiongivenby the base-
line (solid line). This baselinewvasobtainedby using
the closed-formalgorithmandsmoothingtheresult.

periodic occlusion lasting ocdlusion

rotation angle (in degree)
BN w s o N® o
b e NN W W A Ao

10 20 30 40 50 60 70 0 25 30 35 40 45 50 55 60
frames

—baselne == jterative solution v closed-form solution

Figure 3: The behaiors of the testedalgorithmsin case
of occlusions. The iterative algorithmcandealswell with
pointsperiodicallymissingandpointsmissingfor anumber
of consecutie frames(lastingocculsions).

7 DISCUSSION

Theresultspresente@bove shav thataniterative
solutionto arigid bodytransformatiorcanbe adwan-
tageousin a trackingapplication. The main adwan-
tagescome from the fact that the iterative solution
doesnot make theassumptiorthatit hasconcomitant
points. Moreover, it ensuresa continuity in the es-
timates,which is not guaranteedby the memoryless
closed-formsolution. Whenusingthe iterative solu-
tion suggestedhere, the learningrate mustbe care-
fully chosento be big enoughto avoid loosingtrack
of theobject,while remainingsmallenougho ensure
a smoothestimateof thetransformation.

Althoughit wasnotinvestigatedin this paperwe be-
lieve thatthe suggestealgorithmcould be usefulin

other applications,especiallyin iterative algorithms
like ICP. This algorithmcould alsomostprobablybe
easily extendedto include uniform scaling of rigid

bodytransformations.

REFERENCES

Altmann, S. (1986). Rotations,Quaternionsand Double
Groups chapterd, page80. Oxford University Press.

Arun, K., Huang,T., andBlostein,S.(1987).Least-squares
tting of two 3-d point sets. IEEE Transactionson
Pattern Analysisand Machine Intelligence

Eggert,D., Lorusso,A., andFisher R. (1997). Estimating
3-d rigid body transformation:a comparisorof four
majoralgorithms.Machine Vision and Applications

HestenesD. (1999). New Foudationsfor ClassicalMe-
chanics pages277-305. Fundamentallheoriesof
Physics.Kluwer AcademicPublishers2 edition.

Horn, B. (1987). Closed-formsolution of absoluteorien-
tation usingunit quaternions.Journal of the Optical
Societyof AmericaA, 4(4):629-641.

Walker, M., Shao,L., andVolz, R. (1991). Estimating3-
d locationparametersisingdualnumberquaternions.
CVGIP: Image Undeistanding



